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Abstract. We use obstruction theory based on the unstable Adams spectral 
sequence to construct self maps of finite quaternionic projective spaces. As a 
result, a conjecture of Feder and Gitler regarding the classification of self maps 
up to homology is proved in two new cases. 



1. Introduction 

Let HP™ denote n-dimensional quaternionic projective space and recall that 
H*(BP n ; Z) = Z[u}/u n+1 with M = 4. Given a self map / of HP™, the degree of / 
is the integer deg(/) such that f*(u) = deg(/)u. 

The homotopy classification of self maps of HP 00 is well known: self maps are 
classified by their degrees and the allowable degrees are zero and the odd square 
integers |Ms| . The situation for finite projective spaces is more complicated. It is 
not true in general that self maps are classified by their degrees )MR| , and even the 
set of possible degrees is unknown. We will write 

R„ = {deg(/) € Z: / : HP" -> HP"} 

for the set of possible degrees. Alternatively, R„ can be described as the set of self 
maps of S 3 which admit an A n structure (see [St])- 

There is a conjectural description of R„ due to Feder and Gitler. Consider the 
congruences 

n-i ( (2n)! if n is even, 

(1) C„ : \\ik-i 2 ) = 0mod I 

»=o [ if n i s dd. 

and define the sets of integers 

FG„ = {fc G Z | A; is a solution of Ci, . . . , C n }. 

In |FG| . Feder and Gitler computed the restrictions imposed by A"- theory and 
Adams operations on the degrees of self maps of HP": they are precisely that the 
degree should be in FG„. Therefore R„ C FG n . 

Conjecture 1.1 (Feder and Gitler). R„ = FG„. 

This is trivial for n = 1. A proof for n = 2 is contained in |AU| . and for n = 3 
in |MG2j . Feder and Gitler showed in |FGj that the integers in FGoo are precisely 
the odd square integers and zero so the conjecture also holds for n = oo. In fact, 
self maps of HP 00 with these degrees were first constructed by Sullivan in |Su| . and 
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it was this which motivated Feder and Gitler's work. McGibbon has also proven 
that the conjecture holds stably, in a suitable sense (see |MG1I Theorem 3.5]). 

The solutions to the congruences Q are more easily described one prime at 
a time. It turns out (see Proposition 12. 1|) that the p-local integers which satisfy 
Ci, . . . , C n consist of the p-adic squares (if p = 2 they must also be units or zero) 
together with all multiples of p e ( p '™) for a certain function e described in J2J. The 
former can all be realized as degrees of self maps of the p-localization HP ^ by work 
of Rector (see Proposition 12. 21) . so to prove the conjecture it is enough to build self 
maps of EIPTpS with degree an arbitrary multiple of p e ( p '™) . 

The obstruction to extending a self map of HP™ to HP™ +1 is an element in 
7i"4n+2'5' 3 (see (00- We will use some of the information available on tt*S 3 to analyse 
this obstruction and produce self maps of HP™^ with degree any multiple of p^ p ^ 
where / is a different function described in (|llfl (see Theorem 14. 2f) . In general, 
e(p,n) < /(p, n) but for n < 5 the two functions agree, and this implies our main 
result. 

Theorem 1.2. The Feder- Gitler conjecture holds for n < 5. 

This is stronger evidence for the conjecture as the obstruction group 7r4„_25 3 
is detected by if-theory and Adams operations (i.e. by the e-invariant) only for 
n < 3. For n > 3 it is easy to produce self maps of HP™ with degree in FG„ + i 
which do not extend one stage. Theorem ll.2l is proved by inductively building maps 
of high Adams filtration thus ensuring their obstructions to extension are detected 
by the e-invariant. 

Organization of the paper. In section 2 we describe the p-local solutions to 
the congruences {Q and quote results of Rector which reduce the Feder-Gitlcr 
conjecture to producing maps with degree any multiple of p e (p> n \ In section 3, we 
gather the necessary information on the unstable Adams spectral sequence for S 3 . 
In section 4 we show that the degree of a self map of HP™ is in FG Jl+ i if and only if 
the Adams e-invariant of the obstruction to extension vanishes. The results quoted 
in section 3 then allow us to prove Theorem 1 1.21 

Acknowledgments. The author thanks Mike Hopkins for his guidance and useful 
suggestions, and also Maxence Cuvilliez for a useful discussion. 

2. The local version of the conjecture 

We will write \k\ p = sup{7 : p l \k} for the p-adic valuation of k and [x] for the least 
integer < x. In this section we reduce the Feder-Gitler conjecture to constructing 
self maps of the localizations IIP™^ of degree k for all k with \k\ p > e(p,n) for a 
certain function e(p, n). 

First note that, by celullar approximation, the inclusion of HP™ in HP°° induces 
a bijection [HP", HP"] -> [HP", HP 00 ]. As HP^ } = K(Q,A), it follows easily from 
Sullivan's arithmetic square that in order to produce a self map of HP" of degree 
k, it suffices to do so after localizing at each prime p (or, in fact, at each prime 
p<2n- 1). 
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We will write R„, p = {deg(/) G Z (p) |/ : HP 



(p) 



HP 



, p >,} and FG„ iP for the set 



of solutions in Z( p ) of the congruences QJ. Let D p denote the set defined by 

fc = or fc = 1 mod 8} if p = 2, 
k = u 2 for some it G Z p } if p > 2. 



D, 



{k G Z (2) 
{fc G Z( p ) 



It will soon emerge that D p = R c 



FGoo.p- Note that D 2 consists of the 2-adic 



unit squares in Z( 2 ) together with 0. We define the function 

(2) e(p,n) 



if n = l, 
#{fc < n | fc =p> or fc = (^y -1 for some j > 1} if p > 2, 

1 + 2[log 2 (n)] otherwise. 

Proposition 2.1. Let p be a prime and n < oo. TTien 

FG„, p = D p Up e ^Z (p) . 

Proof. The sets D p are the closure of Roo = {0, 1,9,25, . . .} in Z( p ) with the p- 
adic topology. Since the solution set of each congruence is closed we conclude that 
Dp C FG n , P for every n,p. We will conclude the proof in the case p = 2 (the case 
when p is odd is similar) . 

If k G Z(2) is a solution of C 2 then either fc = 1 mod 8, or k = 2 3 l for some 
I G Z(2) so it suffices to consider solutions k with |fc| 2 > 3. For these, since 
|(4m+2)!/2| 2 = |(4m)!| 2 it suffices to consider the congruences C 2m . So let |fc| 2 > 3. 
Factoring out units in Z( 2 ) we see that fc is a solution of C 2m if and only if 



]^(fc-(2z) 2 ) = 0mod2K 4m ) ! k 



Writing k = 41 and noting that |(4m)!| 2 = 2m + |(2m)!| 2 , this becomes 

T!t 1 

[]a-* 2 ) = 0mod2K 2m ) ! l 2 

i=0 

so if fc = 41 G FG 2 „ lj2 then / G FG m . 2 . Since I $ Z^, assuming the result is 
true for all n < 2 d and letting 2 d < 2m < 2 d+1 , it follows by induction that 

R 2 m,2-D 2 C 2 2rf+1 Z (2) . 

It remains to check that for 2 d < 2m < 2 d+1 we have fc G FG 2m 2 as long as 
|fc| 2 > 2d+ 1. That is, for j < m and |fc| 2 > 2d+ 1, 



23-1 

II( fc -* 2 ) 

i=0 



> 



l(4i)!|a 



23-1 

\k\2+J2 2 ^ 

i=l 



> 2j+j + 



> 2j+j + ...+ 



2(j + ... + \j/2 d - l })-2\2j\ 2 

\k\ 2 +j + ... + [j/2 d - 1 } > 2j + 2\2j\ 



The last inequality is easy to check if we write 2j — 2 r v with v G Z^ and notice 
that r < d and 2 d -'' < v < 2 d - r+1 . □ 
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As e(p,n) tends to oo with n, this means that FGoo.p = D p . The following 
result 1 of Rector |Re| implies that in fact we have Roo iP = FGqo p — D p and 
therefore, to prove the conjecture it suffices to construct self maps with degree in 

Proposition 2.2 (Rector). If k € D p then there is a self map o/ HP^ of degree 
k. 

Remark 2.3. In view of the above, the Feder-Gitler conjecture implies the follow- 
ing: If a self map of S%s admits an A 2 k -structure then it admits an A n -structure 
for all n < 2 k+1 (not necessarily extending the A 2 k -structure). Similarly for p odd. 
It would be interesting to know whether this holds more generally. 

A related question is whether a 2-local H -space admitting an A 2 k -structure nec- 
essarily admits an A n structure for n < 2 k+1 . In this regard, note that a grouplike 
multiplication on a rational space always admits a loop structure jSchl Corollary 2] . 

3. The unstable Adams spectral sequence for HP 00 

Let IX denote the category of unstable modules over the mod p Steenrod algebra. 
If M £ It, U (M) denotes the free unstable algebra generated by M and for P e IX a 
free module, we write K(P) for the product of mod p Eilenberg-Maclane spaces such 
that H*(K(P);¥ p ) = U(P). Recall from |HM2] that if A is a simply connected 
space such that H*(X;¥ p ) = U{M) for some M e IX of finite type, then given a 
free resolution 

< — M < — P < — Pi « — P-2 * — . . . 

of M with P s of finite type and in degree < s + 1, one can construct a tower of 
principal fibrations over X, called an Adams resolution for X 

(3) : 

P2 

A{2} J ^ K {n 2 P 2 ) 

pi 

x{i} — 3 -^K(nPi) 

Pa 

A{0} = A K(P ) 

where ft denotes the algebraic loop functor (the left adjoint to suspension). The 
corresponding homotopy spectral sequence is the Massey-Peterson version of the 
unstable Adams spectral sequence. For a simply connected space of finite type this 
spectral sequence converges strongly and 

E S 2 '\X) = Ext^*(Af,F p ) => nt-sX ® %. 

The Adams filtration of a map / : W — -> A is the largest s such that / factors 
through A{s}. 



See also IJMUI for a more up to date account of self maps of p-completed classifying spaces. 
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Notice that H*(S 3 ;¥ P ) = Z7(E 3 F P ) and H*(EP°°;¥ P ) = U(M) where M is such 
that ViM = S 3 F P . One easily checks that the first derived functor QxM = hence 
looping an Adams resolution for MP°° yields an Adams resolution for S 3 . This in 
turn implies that the adjunction isomorphim 

(4) TT k S 3 ~ Tr k nUP°° ~ TTfe+lHP 00 

lifts to an isomorphism of spectral sequences 

E^(S 3 ) = E^ t+1 (EP°°). 

We will now collect some well known information about this spectral sequence. 
Figures n and [21 describe the portion of the E2 term of the spectral sequence for 
HP 00 along the vanishing line (i.e. the vi-periodic part). As usual, vertical lines 
represent multiplication by p and the slanted lines composition with 77 if the prime is 
2 and with a\ if the prime is odd. As usual, for p an odd prime, we set q = 2(p— 1). 




4 5 6 7 8 9 1011 t-s 

t-s = 8k+ 4 5 6 7 8 9 1011 

Figure 1. E^QBP 00 ) for p = 2. 




s = k+ 



4 3 + q 2 + 2q 



t - s 



_l 1 1 1 1 1 1 l_ 



t-s = qk+ 2 3 2+q 



Figure 2. E^'** (HP°°) for p odd. 



Theorem 3.1 (Adams, Mahowald, Miller, Harper-Miller). Consider Fiaures JlljiA 

(a) Above the classes shown and the dotted lines in the columns where no classes 
appear, the E2 term vanishes. 

(b) The classes in dimensions qk + 3 forp odd and the classes in dimension 8k + 7 
with filtration > 4fc + 2 for p = 2 correspond to elements of ir*S 3 which are 
stable and detected by the (stable, real) e-invariant. 2 



2 See JSJ below for the definition of the e-invariant. 
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Proof. Recall from Mai and 1 1 M 1 ^ that for each prime there is a bigraded complex 
(A(3),gQ such that 

^(S* 3 ) = iF'*- 3 A(3) 

There is a short exact sequence of complexes 

— ► A(l) — ► A(3) — ► W(l) — > 

which induces a split short exact sequence on homology. A(l) is a complex with 
differential which corresponds to the Z-tower in t — s = 3. 

Let M<S) A denote the Ei-tevm of the stable Adams spectral sequence for the mod 
p Moore spectrum given by the A-algebra. The main results of |Mal| and |HM1| 
state that there is a map of complexes W(l) — > M <Z> A inducing an isomorphism 
on homology for t — s < 5s — 16 for p = 2 and t — s < (p + l)qs — (p + 2)q for 
p odd. This reduces (a) to a statement about the stable i?2-term of the Moore 
spectrum except in low dimensions where it is easily checked directly by computing 
the homology of the complex A(3). 

The E^-term of the Moore spectrum is computed in the required range in |Mij 
for p odd and in |Ma3) for p = 2. It agrees with the description given in Figures 
and [3 This proves (a). 

Let M n denote the mod p Moore space with top cell in dimension n and i : 
S"" 1 — > M n denote the inclusion of the bottom cell. Let A : M n+r — ► M n with 
r = 8 if p = 2 and r = gifp>2bea map inducing an isomorphism in AT-theory 
(see 

Suppose first that p is odd. Let a denote an extension of a generator a G ^pS 3 
to M 2p+1 . Then by jAdl Proposition 12.7], a k = aoA^ 1 oi e 7r gfc+2 S' 3 survives to 
a stable class which is detected by the e-invariant. Since has Adams filtration 
at least k it must be represented in .E^S 13 ) by the class in bidegree (t — s,s) = 
(qk + 2,k). 

Next let p — 2. Let fl denote an extension to M 13 of the generator p, of ir^S 3 . 
Then pk = M ° A k ~ 1 o i G 7r8fc+4<S' 3 has Adams filtration at least 4k + 1 (the Adams 
filtration of the Adams map is 4 since we are in the stable range). It follows that 
the Toda bracket < /Ufe, 2, 77 >G 7^+7 S 13 has Adams filtration at least 4k + 2. |Adl 
Proposition 12.18] shows that this bracket survives to a stable class of order 4 
detected by the e-invariant so the bracket is represented on E2(S 3 ) by the class in 
bidegree (t — s,s) = (8k + 6, 4k + 2). This completes the proof of (b). □ 

4. Construction of maps 
Let v : S' 4n+3 — > HP™ denote the Hopf map. The cofiber sequence 

5 4,i+3 _^ jjpn H p«+1 

shows that the obstruction to extending a map / : HP™ — > HP 00 to HP n+1 is 

(5) o(f) := [fov\ G7r 4 „ + 3HP°°. 

Alternatively, one can regard the obstruction as an element in 7T4„ + 3HP" +1 , in 
which case, it is given by the formula 

(6) o(J) := [/ o v\ - dcg(/)" +1 [v] G 7r 4 „ +3 HP" +1 

as a simple cohomology calculation shows. 

Note that, as S 3 — » riHP°° factors through US 4 , the isomorphism J3J shows that 
any element of 7r»HP°° (in particular the obstruction to extension) factors uniquely 
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through the bottom cell of HP 00 . We will still write o(f) for the corresponding 
element in w^n+aS . 

We will write KO{X), K{X), KSp(X) for the reduced if -groups of X. Using the 
Atiyah-Hirzebruch spectral sequence, one easily checks that if°(HP") = Z[x]/x n+1 , 
and if 0°(HP") = Z[y, z\j < y n+1 , z — Ay 1 > where x and y are the classes repre- 
sented by the reduced tautological bundle over HP™. The complexification map c : 
if (HP™) -> ifOQBP") sends x to 2y. The forgetful map r : if (HP™) -> KO(WP n ) 
sends yz k to x 2k+1 and z k to 2x 2k . Moreover KSp(WP n ) = if0 4 (HP") is a free 
abelian group of rank n and the image of the forgetful map KSp(MP n ) — > if (HP™) 
consists of those integer combinations of the x % where the coefficient of x % is even 
when i is even. 

In |FGj . Feder and Gitler show that the Adams operations on if (HP™) are given 
by the formula 

(7) ^) = fe + ... + 2 ' 2 " 2 -')- (2 g-'"- 1 )\ -. 

and this in turn determines the action of the Adams operations on if 0(HP™) (recall 
that both c and r commute with Adams operations). 

Let A be Adams' category of abelian groups with Adams operations |Adl Section 
6]. Recall from jAdj that the (real) e-invariant is a group homomorphism 

(8) Z Ext A (KO(X), KO(S j+1 )) 

where Z={a£ iTj(X)\KO(a) = 0}. e(a) is the Yoneda class of the extension 

-» KO(S j+1 ) -> KO(X U Q e ]+1 ) -> if 0(A) -> 0. 

If X is a sphere there is a natural identification of the target of e with a subgroup 
of Q/Z. The stable e-invariant of j3 £ Hk+iS k is defined by representing /3 as a 
class /3' € Trsm+zS" 8 " 1 for some m and then setting e s (/3) = e(/3') £ Q/Z. This is 
independent of the choice of m. 

Proposition 4.1. Let f be a self map o/HP" and let o(f) 6 7T4, i+ 35 4 denote its 
obstruction to extension. Then deg(/) G R„+i if and only if the stable e-invariant 
of o(f) vanishes. 

Proof. Let k = deg(f ). Feder and Gitler show in |FG| that k 6 R„+i if and only if 
there is a ring endomorphism (f> of if°(HP™ +1 ) commuting with Adams operations, 
such that 4>{x) is in the image of the forgetful map KSp(MP n ) — > if (HP™). 

In turn, this is equivalent to the existence of a map ip : KO (HP™ + 1 ) — »■ if O (HP™ + 1 ) 
in A such that the following diagram in A commutes 

(9) > KO(S 4n+4 ) ^ KO{UP n+1 ) ^ KO{BP n ) ^ 

l 

fc" +1 l -0 /* 

Y 

>■ KO{S 4n+4 ) ^ KO(UP n+1 ) ^ XO(HP") ^ 

and 4>(y) is in the image of the forgetful map if Sp — > if O. 

In fact, a ring endomorphim of if°(HP" +1 ) commuting with Adams operations 
determines a unique ring endomorphism ip of if O (HP" +1 ) commuting with Adams 
operations and this will necessarily make @ commute. Conversely, such a ip is 
determined by its value tp(y) since by 0, ip l (y) generate ifO°(HP" +1 ) over Q. 
Commutativity of then implies that t/j(y) is determined by deg(/) and it then 
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follows that i))(y) must correspond to the unique (see jFGj ) endomorphism <j) of 
K° (MP n+1 ) (g>(Q commuting with Adams operations such that 4>(po) = deg(/)x+. . .. 

Consider the extension E in A which is © as an extension of groups but where 
the Adams operations are replaced with ip l = l 2 ip l . Because KO(WP n ) is torsion 
free, the existence of the map of extensions (0 is equivalent to the existence of the 
corresponding self map of E. Cupping with the generator of KO(S 4 ) yields a map 
in Ext .a 



(10) 



E 



(0 -> ifO(5 w ) -> X0(£ 4 HP 



KO{T, 4 W n ) -» 0) 



which is termwise an injection of abelian groups. The condition that 4>(x) lie in the 
image of the forgetful map from KSp is easily seen to be equivalent to the condition 
that the self map of E extends over the monomorphism l|10|) . 

We conclude that k € R n +i iff the following self map exists in Extyi 



0- 



KO(S 4n+H ) 



KO(Z 4 UP n+1 ) 



KO(T, 4 WP n ) 



•0 







KO{S 



A'0(S 4 HP n+1 ) 



KO(Z 4 MP r ' 







or cquivalcntly, writing Yj 4 v : g 4 "+ 3 — > S 4 HP ra for the attaching map of the top 
cell of HP" +1 , iff the following equality holds in Ext/i: 

e(£ 4 ^) o E 4 /* = k n+1 o e(S 4 ^) 

where o denotes the Yoneda product. Since the e- invariant sends compositions 
of maps to Yoneda products this is the same as e(S 4 (/ o v)) — e(fc n+1 E 4 j/) and, 
since e is a group homomorphism, by JfjJ this is equivalent to e(S 4 o(/)) = in 
ExU( J ftrO(E 4 i?P™), KO(S 4n+8 )). 

Since o(/) factors through the inclusion of the bottom cell of HP™, letting X = 
S 4 HP™ U D (j) e 4n+s , we have a map of extensions 



0- 



KO{S in+& ) 



KO(S in+8 ) 



KO(X) 



■ KO(S s U S 4 o(/) e 4 "+ 8 



KO(^ 4 BP n ) 



KO{S 8 ) ■ 







where i denotes the inclusion of the bottom cell, so we have the equality 

e>(/) = e (£ 4 o(/)) 
The long exact sequence in Extyi induced by 

— > KO^QHIP'VHP 1 )) — ► XO(S 4 MP") KO(S 8 ) — > 

together with the easily checked fact that Rom A (KO(T, 4 (BP n /MP 1 )), KO(S 4n+s )) = 
show that composition with i* is injective which concludes the proof. □ 

We are now ready to complete the proof of our main result. Consider the function 



(11) 



e(p,n) 
4[f]" 



1 - 



for n < 5 

for p — 2, n > 5 

for p > 3, n > 5. 
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Theorem II .21 is now an immediate consequence of the following result. 
Theorem 4.2. pf^Z (p) C R„. p . 

Proof. Pick an Adams resolution for HPJ*^ constructed from a minimal resolution so 
that all the di-differentials vanish. Then the Adams covers AT{s} are 3-connected, 
iT4(X{s}) = Z( p ) and the projection maps A{s} — » HP 00 induce multiplication 
by p s on 7T4. Thus to prove the theorem, it is enough to provide a map HP" — » 
X{f(p, n)} of degree k on the bottom cell for an arbitrary k £ Z( p ). This will be 
obtained by extending a map HP 1 — > X{f(p, n)} of degree fc. 

Consider first the case when p = 2. If n is even, then for fc < n — 1 the 
obstruction to extension of the map HP* 1 — » X{f(2, n)} to HP' C+1 lies in the group 
iT4k+3X{f(2,n)}. By the vanishing line of Theorem 13. If a) this group is so the 
map extends. Thus we have a map HP" -1 — > X{f(2,n)}. Since the Hopf map 
S 4n-i _> HP"- 1 has Adams filtration 1, the composite S 4 ™" 1 -> A{/(2, n)} factors 
through X{f(2,n) + 1}. Let 7 : S" 4 ™" 1 -> X{f(2,n) + 1} denote this obstruction 
class. By Theorem 13.1( b). its image in 7T4„_iHP^ is detected by the e-invariant 
(it is in the summand of order 4 corresponding to one of the top lightning flashes). 
Since the map 7r 4 „_iA{/(2, n) + 1} — » HP^ is injective (because there are no 
nonzero differentials E^ n ' k ~ r+1 — > i? 4 ™ -1 ^ for fe > f(2,n)), by Proposition l4.il we 
must have 7 = 0. Therefore our map extends to give a map HP™ — > X{f(p, n)} 
of degree A. Moreover, this map extends one more stage because the obstruction 
to extension lies above the vanishing line of Theorem 13-lT a). This completes the 
proof for p = 2. 

For p odd, the reasoning is identical, except that for p — 3 and n = 5 we 
have to use the fact that TTigSf^ is cyclic (see |To| ) and hence detected by the 
e-invariant. □ 

Remark 4.3. For p odd, Theorem \4-S\ can be improved in a small range of values 
of n using the following observations: 

(a) For n < ^ 2p+1 ^ ?) — — all classes in n^n^iS^) are detected by the e-invariant, 
therefore the conjecture holds at odd primes for these values of n. This follows 
from the results of Mahowald and Harper-Miller ( cf. proof of Theorem VJ.l)) 
together with calculations with the A-algebra in low degrees. 

(b) Let g(p,n) — sup{k : p k Z( p ) C R„. p }. It is not hard to show that if f,g are 
self maps of HP™, the obstruction to extension of the composite is o(fg) = 
deg(g) n o(f) +deg(f)o(g). Since (by Provosition 12. S\) there is a self map of 
HP™^ of degree p 2 , Selick's exponent theorem [Se] implies that g(p,n + 1) < 
2 + g(p, n). 

References 

[Ad] J. F. Adams, On the groups J(X).IV, Topology 5 (1966) 21-71. 

[AC] M. Arkowitz and C. R. Curjel, On maps of H -spaces, Topology 6 (1967) 137-148. 

[CM] E. Curtis and M. Mahowald, The unstable Adams spectral sequence for S 3 , Contemp. 

Math. 96, AMS (1989) 125-162. 
[FG] S. Feder and S. Gitler, Mappings of quaternionic projective spaces, Bol. Soc. Mat. Mex. 

34 (1975) 12-18. 

[Gr] B. Gray, On the sphere of origin of infinite families in the homotopy groups of spheres, 

Topology 8 (1969) 219-232. 
[HM1] J. Harper and H. R. Miller, On the double suspension homomorphism at odd primes, 

Trans. Amer. Math. Soc. 273 (1982) 319-331. 



10 



GUSTAVO GRANJA 



[HM2] J. Harper and H. R. Miller, Looping Massey- Peterson towers in: S.M. Salamon, B. Steer, 

W.A. Sutherland, eds. Advances in Homotopy Theory (London Math. Soc. Lec. Notes 139, 

Cambridge University Press, Cambridge, 1989) 69-86. 
[JMO] S. Jackowski, J. McClure, and B. Oliver, Homotopy theory of classifying spaces of compact 

Lie groups in: Algebraic topology and its applications, 81-123, Math. Sci. Res. Inst. Publ., 

27, Springer, New York, 1994. 
[Mai] M. Mahowald, On the double suspension homomorphism, Trans. Amcr. Math. Soc. 214 

(1975) 169-178. 

[Ma2] M. Mahowald, The image of J in the EHP sequence, Annals of Math. 116 (1982) 65-112. 
[Ma3] M. Mahowald, The order of the image of the J homomorphism, Bull. Amer. Math. Soc. 
76 (1970) 1310-1313. 

[MP] W. Massey and F. Peterson, The mod 2 cohomology structure of certain fibre spaces., 

Mem. Amer. Math. Soc. 74 (1967). 
[MR] H. Marcum and D. Randall, A note on self-mappings of quaternionic projective spaces, 

An. Acad. Brasil. Ci. 48 (1976) 7-9. 
[MCI] C. McGibbon, Self maps of projective spaces, Trans. Amer. Math. Soc. 271 (1982) 325-346. 
[MG2] C. McGibbon, Multiplicative properties of power maps. II, Trans. Amcr. Math. Soc. 274 

(1982) 479-508. 

[Mi] H. Miller, A localization theorem in homological algebra, Math. Proc. Camb. Phil. Soc. 84 
(1978) 73-84. 

[MiR] H. Miller and D. Ravenel, Mark Mahowald's work on homotopy groups of spheres, Con- 
temp. Math. 146, AMS (1993) 1-30. 

[Ms] G. Mislin, The homotopy classification of self-maps of infinite quaternionic projective 
space, Quart. J. Math. Oxford (2) 38 (1987) 245-257. 

[Re] D. Rector, Loop structures on the homotopy type of S 3 , Lecture Notes in Math. 249 (1971) 
99-105. 

[Sch] H. Scheerer, On rationalized H- and co-H -spaces., Manusc. Math. 51 (1984) 63-87. 
[Se] P. Selick, Odd primary torsion in n k S :i , Topology 17 (1978) 407-412. 

[St] J. Stashcff, H -spaces from a homotopy point of view, Lect. Notes in Math. 161, Springer, 
Berlin (1970). 

[Su] D. Sullivan, Geometric Topology I. Localization, periodicity and Galois symmetry, MIT 
Notes (1970). 

[Ta] M. Tangora, Computing the homology of the lambda algebra, Memoirs of the Amer. Math. 
Soc. 337 (1985). 

[Th] R. Thompson, The v\-periodic homotopy groups of an unstable sphere at odd primes, 

Trans. Amer. Math. Soc. 319 (1990) 535-559. 
[To] H. Toda, Composition methods in homotopy groups of spheres, Annals of Mathematics 

Studies 49, Princeton University Press (1962). 

Departamento de Matematica, Instituto Superior Tecnico, Av. Rovisco Pais, 1049- 
001 Lisboa, Portugal 

E-mail address: ggranjaamath.ist.utl.pt 



